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ABSTRACT

Thispaperdevelopsanew classof waveletsfor whichtheclassical
Daubechiezeromomentpropertyhasbeenrelaxed. The advan-
tagesof relaxinghigherorderwaveletmomentconstraintds that
within the framewvork of compactsupportand perfectreconstruc-
tion (orthogonaland biorthogonal)one can obtain wavelet basis
with new andinterestingapproximatiorproperties.This paperin-
vestigates new classof waveletsthatis obtainedby settinga few
lower ordermomentsto zeroand usingthe remainingdegreesof
freedomto minimize a larger numberof higher order moments.
The resultingwaveletsare shovn to be robust for representing
large classe®f inputs. Rohustnesss achievedat the costof exact
representatiomof low order polynomialsbut with the advantage
that higherorder polynomialscan be representedvith lesserror
comparedo themaximallyregular solutionof the samesupport.

1. INTRODUCTION

csb@riceedu

It seemssomevhat contradictoryto posethis questionsince
clearlyif 4™ (z) € C, wherey(™ (z) denoteshe mth deriva-
tive of ¢(z), theny(z) € C™ almosteverywhere. However,
keepingn mind thatmostsignalprocessingpplicationsilealwith
discretesignalsonemightwonderwhetherthe behavior of theba-
sisfunctionbetweerthe samplepointstruly matterg8, 4]. Based
onthisdiscussiorseveralquestionsarise:What“kind” of smooth-
nessis requiredfor a given application? Is it sufficient that the
functionsthemselesbe smoothup to a fixed scale(e.g.,not re-
quire that higherorder derivatives be smooth)? Do typical DSP
applicationgequirethatmomentse exactly zero?

To cometo graspwith severalof the above questionst is im-
portantto fully understandhe possibleémportanceof exactor ap-
proximatezeromoments. To addresghis we investigateand de-
signanew classof waveletswhich do not have % exactzeromo-
ments,instead the free parametersire usedto minimize a larger
numberof (weighted)higher order moments. Clearly thereare
applicationsfor which a large numberof exactly vanishingmo-
mentsareimportant[1] but for which smoothnessnight not be.
Similarly, thereareproblems(probablymostpracticalsignalpro-

A fundamentapropertyof theclassicacompactlysupportedaubechiegessingroblemsfor which exactzeromomentsarenotimportant

[2] waveletsis thatamaximalnumberof waveletmomentds setto
zero(hencehennamemaximallyregular wavelet$. In additionto
thefactthatsettinglower ordermomentgo zeroguaranteea cer
tain degreeof smoothnes®f the wavelet basis,Daubechiesvas
alsoableto derive a closedform expressionfor designingcom-
pactly supportedmaximally regular) wavelets. Furthermoreit is
alsoeasyto shav that K -regular waveletscan be usedto repre-
sentpolynomialsup to order K — 1 exactly. However, sincemost
signalsarenot polynomials(albeitlocally they canbemodeledby
asufficiently hightorderpolynomialc.f., Weierstrasg\pproxima-
tion theoremof 1885)it is not clearhow significantit is to have
exact zero momentsfor signal processingapplications. Further
more fastalgorithmsfor computingusingwaveletsrequirethatthe
waveletfiltersbeimplementedefficiently typically involving coef-
ficient quantizatiorandapproximation.As a resultof the fastbut
approximateimplementationexactly zero momentsare not pre-
sened[4] with the exceptionfor thezerothordermoment(which
mustbe treatedcarefullyto presere the waveletexistencecondi-
tion).

Although regularity and smoothnessf the wavelet basisare
related usingmomentdo achieze smoothnesis notveryefficient.
Severalrecentpublicationg5, 6, 10, 9] have lookedat the design
andanalysisof maximally smoothwaveletbasis. However, most
of this work hasbeenon optimizationof the Holder or Sobole
regularity by systematicallyeducinghenumberf zeromoments.
To date theauthorsare however, notawareof ary resultssuccess-
fully answeringhefollowing importantquestion:s smoothnessf
the higherorder derivativesof thewaveletbasisimportant— or is
it suficientthatthefunctions‘appear” to besmooth?

Thiswork wassupportedn partby AFORSgrantno.F49620-1-006
fundedby ARPA andin partby the TexasAdvancedlechnologyProgram,
grantno. TX—-ATP 003604—-02.

Appearsn Proc. ISCAS-96Atlanta, GA.

but for which someform of smoothnessf the waveletandscal-
ing functionis important11]. Noticethatwhile requiringthatthe
wavelet basisbe Holder smoothof orderm thennecessarilythe
functionwill have m 4+ 1 zeromoments.However, it is notclear
how this relatesto discretelysampledfunctionsfor which deriva-
tivesdo not exist [8].

2. WAVELET REVIEW

2-bandcompactlysupportedrthonormaivaveletbasesreuniquely
characterizethy alength N = 2K scalindfilter, ko (n) satisfying
thelinearandquadraticcondition

N-—-1

ho(n) = V2 (€N
-

ho(n)ho(n — 21) = &(1). ®)

Given k¢ the associatesrthogonalwaveletfilter &, is given by
(modulishifts by multiplesof 2)

hi(n) = (=1)"ho(N — 1 — n). )

Givenho(n) andh; (n) thescalingfunction, i (¢), andthewavelet,
¥1(t), exist andaredefinedby the dyadicdifferenceequation

N-—-1
Yi(t) = V2 ) hi(n)yo(2t — n). )
n=0



Furthermorelet the continuousand discretescalingandwavelet
momentdedefinedby

m(i, k) = /zku’)i(z)dz (5)
and
N-—1
k) = Z n"hi(n) (6)

respectrely. Thenby substitutiorof (4) in to (5) it is easyto shav
thatm(1,k) =0 < pu(1,k)=0fork=0,... , K —1[3].
Several methodsfor finding a setof filter coeficients, k()
satisfying(1) and(2) have beenproposed.However, noneof the
existing methodshave investigatedhe problemof settinga few
low orderwavelet momentgo zeroand usingthe remainingfree

parametergo minimize several higher order wavelet moments.

Thatis, for L > £ andK < £ minimizesomenormon (1, k)
fork =0,...,L—1subjectou(1,k) =0fork=0,... ,K—1.
A more generalproblemis obtainedby introducinga weighting
functionw(z) onthemomentshenceif

p=[u(L,K),...,p(1, L—1)]"
and

W = diag (w(K),... ,w(1,L—1))
thenthe desiredcostfunctionis givenby

W eell, ™

Note that maximally regular waveletsare obtainedby letting the
weightsbeinfinite fori = 0,1,... , & — 1 andzerofor: > £

3. DESIGN ALGORITHM

Given (7) anoptimal waveletsolutioncanbe obtainedby solving
thefollowing nonlinearconstraineaptimizationproblem

min [Wall, ®)

subjectto

a) u(l,9)=0 fori=0,...

Zho

S K -1

Yho(n — 21) = 8(1)

with 1 < K < & < . Theconstrainedptimizationproblem
posedby (8) can be sohed usinga genericconstrainedptimiza-
tion packagesuchasconst r from the softwarepackageMAT-
LAB. For shorthanchotationwe will referto a particularsolution
to the above problemby Qi ; wherek indicatesthe numberof
waveletmomentsexplicitly setto zeroand! denoteshe number
of minimizedwaveletmoments With this notationthe maximally
regular Daubechiesolutionis denotedy Q2 N o Also noticethat

N

Q%_.i is equi/alenttoﬂ%0 forall: =0,..., 5.

2,

4. EXAMPLES

Thissectiongivesanexampleof thekindsof waveletsolutionghat
canbe obtainedby solvingthe above nonlinearconstrainedpti-

mizationproblemfor N = 6. Resultsindicatethatby choosing
an appropriateset of weightsthe correspondingptimal wavelet
basisare “robust’ By robust we meanthat the polynomial ap-
proximationerrorfor arangeof polynomialordersis small,onthe

average,comparedo the approximationerror obtainedby using
themaximallyregularsolution.

Specifically we will considerthe designof a compactlysup-
portedwaveletbasis(of length N = 6) with K = 2 zerowavelet
momentge.g.,u(1, k) = 0fork = 0, 1). Requiringthat2 mo-
mentsbe exactly zeroleavesonefree parameteto be usedin the
optimizationof higherordermoments. For the purposeof illus-
tration we chooseto usethe free parameteto minimize (jointly)

p(1,2) andp(1, 3). Hence,w = [u(1,2) u(1, 3)] andby choos-
ing W = diag (1, @), 0 < o < oo all possibleweightscanbere-
alizedwith onesingleparameterThecorrespondingetof optimal
solutions(onefor eachw) is denotedby Q22 . Noticethatchoos-
ing « = 0 yields the maximally regular solution. Experimental
resultsindicatethatthe preferechormto usein the optimizationis
the (> normandhencethedesiredcostfunctionis givenby

k)u(1, k)| =
repmax | |w(k)u(1, k)

Althoughbeyondthescopeof this paper{7], the£> normcanalso
be obtainedby shawing thatthe L? wavelet(polynomial)approx-
imationerroris boundedabove by anexpressiorinvolving the £*°
normof thehigherordermoments.

Usinga Taylor seriegypeargumentt is alsoreasonabléo ex-

pectthatthe mostinterestingsetof weightsis obtainedby restrict-

ing o to bein therangd0, 1]. Furthermoreletp,_1(z) = i) =

be the desiredtestpolynomial. In Fig. 1 we plot thewaveletap-
proximationerrorasa functionof «. Noticefrom Fig. 1athatfor
L = 3 (e.g.,asecondorder polynomial)the optimal solutionis
indeedthemaximallyregularsolutiondueto Daubechiege.g. the
minimum of the bottomcurve occursat « = 0). However, keep-
ing N and K fixed, the optimal wavelet systemfor approximat-
ing the given polynomialfor L > 3 is not the maximally regular
waveletbasis.In fact, by carefullyinvestigatingrig. laandb we
noticethatchoosinge > 0 a non-maximallyregular solutionis
obtainedthat givesrise to betterperformanceandis hencemore
robust. This canbe more easilyobsened from Fig. 2 wherethe
polynomialapproximatiorerroris plottedversusthe orderof the
inputpolynomial(still keepingV and K fixed). Eachline in Fig. 2
correspond# thewaveletbasisobtainedby choosinghe optimal
o from Fig. 1 (e.g.,chosethe o thatminimizetheerrorfor eachZ
in Fig. 1). Obserefrom Fig. 2bthatfor 0 < L < 5 themaximally
regularsolution(thedashedine) is nearoptimal. Furthermorefor
L > 9 themaximally regular solutiongivesrise to the worstap-
proximationerror Hence,clearly choosinge # 0 will give rise
to a morerobust solution. Finally, in Fig. 3a the corresponding
scalingfunctionsareplotted. It is interestingto notethatthe dif-
ferencedetweerthevariousfunctionsareratherinsignificantand
canonly beobsenedby zoomingin on pointsof largevariationas
seerfrom Fig. 3bandc.

In Table1 the correspondingvavelet momentsare tabulated
andfinally, in Table2 the Holder exponentof eachsolutiontabu-
latedin Tablel is given. It is interestingo notethatfor o« = 0.06
ando = 0.068 the estimatedHolder exponentsare larger than
the correspondinddolder exponentfor the maximally regular so-
lution (e.g.,the functionsaresmootheiin the Holder sensealbeit
maginally).



5. SUMMARY

In this papera new family of wavelet approximantsof compact
supportedareintroduced.The new family is obtainedby relaxing
the stringentrequirementhat a maximalnumberof momentsbe
exactly zero(e.g.,maximallyregular Daubechiesvavelets)in fa-

vor of obtainingalargernumberof small,but non-zeromoments.
A designalgorithmis posedusingthe scalindfilter coeficientsas
the parameteispace giving rise to a nonlinearconstrainecpti-

mizationproblem.A solutionof thedesiredoptimizationproblem
was obtainedusing readily available optimizationroutines(e.g.,
MATLAB’s const r algorithm). The wavelet basisobtainedby

solving the given optimizationproblemare showvn to be robustin

thesenseghatthey canbeusedto approximatéoothlow orderpoly-

nomialsaswell ashigh orderpolynomialswith lesserror, on the
averagecomparedo maximallyregularwaveletsof the samesup-
port.
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Figure1: Wavelet polynomialapproximatiorerror asa function
of « for N = 6 and K = 2. The vertical axis representshe
approximatiorerrornormalizedby the enegy of the polynomial
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Figure2: Wavelet polynomialapproximatiorerror asa function
of L for N = 6 and K = 2. The vertical axis representshe
approximatiorerror normalizedby the enegy of the polynomial.
Dashedine corresponds$o the maximallyregularsolution.
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Figure 3: Comparisonof scaling functions, ¢o(z) for o €
{0,0.007,0.016,0.026, 0.038,0.052, 0.068}. (b,c) Themax/min
valueof ¢ (z) decrease/increasesa increase.



Tablel: Discretewaveletmoments.

u(1, k)
o [[OTIT 2 T 3 | 4 5
0 0[O0 O 3.354 | 40.680 | 329.324
0.004 || 0] 0| —0.013 | 3.236 | 39.904 | 324.807
0.007 || 0| 0| —0.022 | 3.153 | 39.355 | 321.610
0012 || 0| 0| —0.036 | 3.023 | 38.499 | 316.624
0.016 || 0 | 0 | —0.047 | 2.927 | 37.862 | 312.910
0021 || 0] 0| —0.060 | 2.815 | 37.119 | 308.578
0.026 || 0| 0| —0.071 | 2.711 | 36.430 | 304.555
0032 || 0] 0| —0.083 | 2.595 | 35.666 | 300.093
0.038 || 0| 0| —0.095 | 2.489 | 34.963 | 295.985
0.045 || 0| 0 | —0.107 | 2.376 | 34.211 | 291.586
0052 || 0] 0| —0.118 | 2.272 | 33.523 | 287.560
0.060 || 0| 0| —0.130 | 2.164 | 32.805 | 283.359
0068 || 0] 0| —0.141 | 2.066 | 32.152 | 279.531

Table2: Numericalestimate®f Holderexponents.

[ o ]| Holder |
0 1.0816
0.004 1.0277
0.007 1.0323
0.012 1.0394
0.016 1.0447
0.021 1.0509
0.026 1.0566
0.032 1.0629
0.038 1.0687
0.045 1.0749
0.052 1.0805
0.060 1.0863
0.068 1.0915




