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ABSTRACT

Thispaperdevelopsanew classof waveletsfor whichtheclassical
Daubechieszeromomentpropertyhasbeenrelaxed. Theadvan-
tagesof relaxinghigherorderwaveletmomentconstraintsis that
within the framework of compactsupportandperfectreconstruc-
tion (orthogonaland biorthogonal)onecan obtainwavelet basis
with new andinterestingapproximationproperties.Thispaperin-
vestigatesanew classof waveletsthatis obtainedby settinga few
lower ordermomentsto zeroandusingthe remainingdegreesof
freedomto minimize a larger numberof higherorder moments.
The resultingwaveletsareshown to be robust for representinga
largeclassesof inputs.Robustnessis achievedat thecostof exact
representationof low order polynomialsbut with the advantage
that higherorderpolynomialscanbe representedwith lesserror
comparedto themaximallyregularsolutionof thesamesupport.

1. INTRODUCTION

A fundamentalpropertyof theclassicalcompactlysupportedDaubechies
[2] waveletsis thatamaximalnumberof waveletmomentsis setto
zero(hencethennamemaximallyregularwavelets). In additionto
thefact thatsettinglower ordermomentsto zeroguaranteesacer-
tain degreeof smoothnessof the wavelet basis,Daubechieswas
alsoableto derive a closedform expressionfor designingcom-
pactlysupported(maximallyregular)wavelets.Furthermore,it is
alsoeasyto show that

�
-regular waveletscanbe usedto repre-

sentpolynomialsup to order
�����

exactly. However, sincemost
signalsarenotpolynomials(albeitlocally they canbemodeledby
asufficiently hightorderpolynomialc.f., WeierstrassApproxima-
tion theoremof 1885) it is not clearhow significantit is to have
exact zeromomentsfor signalprocessingapplications. Further-
more,fastalgorithmsfor computingusingwaveletsrequirethatthe
waveletfiltersbeimplementedefficiently typically involvingcoef-
ficient quantizationandapproximation.As a resultof thefastbut
approximateimplementationexactly zero momentsare not pre-
served[4] with theexceptionfor thezerothordermoment(which
mustbetreatedcarefullyto preserve thewaveletexistencecondi-
tion).

Although regularity andsmoothnessof the wavelet basisare
related,usingmomentsto achievesmoothnessis notveryefficient.
Severalrecentpublications[5, 6, 10, 9] have lookedat thedesign
andanalysisof maximally smoothwaveletbasis.However, most
of this work hasbeenon optimizationof the Hölder or Sobolev
regularityby systematicallyreducingthenumberof zeromoments.
To date,theauthorsare,however, notawareof any resultssuccess-
fully answeringthefollowing importantquestion:Is smoothnessof
thehigherorderderivativesof thewaveletbasisimportant– or is
it sufficientthat thefunctions“appear” to besmooth?
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It seemssomewhat contradictoryto posethis questionsince
clearly if ���	��

��������� , where ���	��

����� denotesthe � th deriva-
tive of ������� , then ����������� � almosteverywhere. However,
keepingin mind thatmostsignalprocessingapplicationsdealwith
discretesignalsonemightwonderwhetherthebehavior of theba-
sisfunctionbetweenthesamplepointstruly matters[8, 4]. Based
onthisdiscussionseveralquestionsarise:What“kind” of smooth-
nessis requiredfor a given application? Is it sufficient that the
functionsthemselvesbe smoothup to a fixed scale(e.g.,not re-
quire that higherorderderivatives be smooth)? Do typical DSP
applicationsrequirethatmomentsbeexactly zero?

To cometo graspwith severalof theabovequestionsit is im-
portantto fully understandthepossibleimportanceof exactor ap-
proximatezeromoments.To addressthis we investigateandde-
signanew classof waveletswhichdo not have � � exactzeromo-
ments,instead,the free parametersareusedto minimizea larger
numberof (weighted)higher order moments. Clearly thereare
applicationsfor which a large numberof exactly vanishingmo-
mentsareimportant[1] but for which smoothnessmight not be.
Similarly, thereareproblems(probablymostpracticalsignalpro-
cessingproblems)for whichexactzeromomentsarenot important
but for which someform of smoothnessof the waveletandscal-
ing functionis important[11]. Noticethatwhile requiringthatthe
wavelet basisbe Hölder smoothof order � thennecessarilythe
functionwill have ��� � zeromoments.However, it is not clear
how this relatesto discretelysampledfunctionsfor which deriva-
tivesdo notexist [8].

2. WAVELET REVIEW

2-bandcompactlysupportedorthonormalwaveletbasesareuniquely
characterizedby a length �� "! � scalingfilter, #%$&��'(� satisfying
thelinearandquadraticcondition�*),+-.&/ $ #%$0��'1�2 43 ! (1)�*),+-.&/ $ # $ ��'1�5# $ ��' � !&67�2 "80��67�:9 (2)

Given #%$ the associatedorthogonalwavelet filter # + is given by
(modulishiftsby multiplesof 2)# + ��'1�� "� �;� � . #%$<��� ���=� '1�:9 (3)

Given # $ ��'1� and # + ��'1� thescalingfunction, � $ �?>@� , andthewavelet,� + �?>5� , exist andaredefinedby thedyadicdifferenceequation

�BAC�?>5�2 3 ! �*)D+-.&/ $ #�A5��'(�5� $ ��!E> � '(�:9 (4)



Furthermore,let the continuousanddiscretescalingandwavelet
momentsbedefinedby

�F��GCHJIK�� MLN��O0�BAC�����5P<� (5)

and

Q ��G@HRIK�B �=)D+-.0/ $ '(O<# A ��'1� (6)

respectively. Thenby substitutionof (4) in to (5) it is easyto show
that �S� � HJIK�� 4TMUWV Q � � HXI%�2 YT for IW YTKH
9
9Z91H ����� [3].

Severalmethodsfor finding a setof filter coefficients, #%$0��'1�
satisfying(1) and(2) have beenproposed.However, noneof the
existing methodshave investigatedthe problemof settinga few
low orderwavelet momentsto zeroandusingthe remainingfree
parametersto minimize several higher order wavelet moments.
Thatis, for [Y\]� � and

�_^ � � minimizesomenormon Q � � HJIK�
for IW YT%HR9E9R9(HX[ �`� subjectto Q � � HRIK�B aT for Ib aTKH
9
9
9,H �c�d� .
A moregeneralproblemis obtainedby introducinga weighting
function ef��G?� onthemoments,henceifg  ih Q � � H � �:H:9
9R9(H Q � � HR[ �Y� �kj?l
and m  an<o	p0qr�?sf�?td�:HJ9Z9
91H5s;� � H5u ��� �5�
thenthedesiredcostfunctionis givenbyv m g vXw (7)

Note that maximally regular waveletsareobtainedby letting the
weightsbeinfinite for GD 4T%H � H
9
9R9DH � � ��� andzerofor GBx � � .

3. DESIGN ALGORITHM

Given(7) anoptimalwaveletsolutioncanbeobtainedby solving
thefollowing nonlinearconstrainedoptimizationproblemy o{z|Z} v

m g v w (8)

subjectto

a) Q � � HJG?�� 4T for G, aTKH
9
9
91H �]�Y�
b)

�*)D+-.0/ $ #K$0��'1�5#%$0��' � !06~�� M80��67�
with

�S����� � � � [ . The constrainedoptimizationproblem
posedby (8) canbe solvedusinga genericconstrainedoptimiza-
tion packagesuchasconstr from the softwarepackageMAT-
LAB. For shorthandnotationwe will refer to a particularsolution
to the above problemby � OE� � where I indicatesthe numberof
waveletmomentsexplicitly setto zeroand 6 denotesthenumber
of minimizedwaveletmoments.With thisnotationthemaximally
regularDaubechiessolutionis denotedby ��� � � $ . Also noticethat� � � ) A � A is equivalentto � � � � $ for all GD YTKHZ9
9
91HK� � .

4. EXAMPLES

Thissectiongivesanexampleof thekindsof waveletsolutionsthat
canbe obtainedby solvingthe above nonlinearconstrainedopti-
mizationproblemfor �� ]� . Resultsindicatethat by choosing
an appropriatesetof weightsthe correspondingoptimal wavelet
basisare “robust.” By robust we meanthat the polynomialap-
proximationerrorfor a rangeof polynomialordersis small,onthe
average,comparedto the approximationerror obtainedby using
themaximallyregularsolution.

Specifically, we will considerthedesignof a compactlysup-
portedwaveletbasis(of length �� "� ) with

�  �! zerowavelet
moments(e.g., Q � � HRI%�� �T for I� MT%H � ). Requiringthat ! mo-
mentsbeexactly zeroleavesonefreeparameterto beusedin the
optimizationof higherordermoments.For the purposeof illus-
trationwe chooseto usethe free parameterto minimize(jointly)Q � � HJ!&� and Q � � HJ�<� . Hence,g  �h Q � � HJ!0� Q � � H@�<�kj andby choos-
ing

m  Yn<o	p0q;� � HR�B� , T � � ^�� all possibleweightscanbere-
alizedwith onesingleparameter. Thecorrespondingsetof optimal
solutions(onefor each� ) is denotedby � � � � . Noticethatchoos-
ing �i �T yields the maximally regular solution. Experimental
resultsindicatethatthepreferednormto usein theoptimizationis
the �0� normandhencethedesiredcostfunctionis givenbyy p&�OE��� ��� � )D+7�&� ef��IK� Q � � HJIK� �  v

m g v � 9
Althoughbeyondthescopeof thispaper[7], the �&� normcanalso
beobtainedby showing thatthe [ � wavelet(polynomial)approx-
imationerroris boundedaboveby anexpressioninvolving the � �
normof thehigherordermoments.

UsingaTaylorseriestypeargumentit is alsoreasonableto ex-
pectthatthemostinterestingsetof weightsis obtainedby restrict-
ing � tobein therangeh T%H � j . Furthermore,let � � ),+ �����W �� � ),+O / $ � Obe thedesiredtestpolynomial. In Fig. 1 we plot thewaveletap-
proximationerrorasa functionof � . Noticefrom Fig. 1athatfor[� �� (e.g.,a secondorderpolynomial)the optimal solutionis
indeedthemaximallyregularsolutiondueto Daubechies(e.g.,the
minimumof thebottomcurve occursat �� �T ). However, keep-
ing � and

�
fixed, the optimal wavelet systemfor approximat-

ing thegiven polynomialfor ["\�� is not themaximally regular
waveletbasis.In fact, by carefullyinvestigatingFig. 1aandb we
noticethat choosing��\�T a non-maximallyregular solutionis
obtainedthat givesrise to betterperformanceandis hencemore
robust. This canbe moreeasilyobserved from Fig. 2 wherethe
polynomialapproximationerror is plottedversustheorderof the
inputpolynomial(still keeping� and

�
fixed).Eachline in Fig.2

correspondsto thewaveletbasisobtainedby choosingtheoptimal� from Fig. 1 (e.g.,chosethe � thatminimizetheerrorfor each[
in Fig.1). Observefrom Fig.2bthatfor T � [ ^¡  themaximally
regularsolution(thedashedline) is nearoptimal.Furthermore,for["\�¢ themaximally regular solutiongivesrise to theworstap-
proximationerror. Hence,clearly choosing��£ NT will give rise
to a morerobust solution. Finally, in Fig. 3a the corresponding
scalingfunctionsareplotted. It is interestingto notethat thedif-
ferencesbetweenthevariousfunctionsareratherinsignificantand
canonly beobservedby zoomingin onpointsof largevariationas
seenfrom Fig. 3b andc.

In Table1 the correspondingwavelet momentsaretabulated
andfinally, in Table2 theHölderexponentof eachsolutiontabu-
latedin Table1 is given. It is interestingto notethatfor �¤ 4T%9 T0�
and �N _TK9 T&�0¥ the estimatedHölder exponentsare larger than
thecorrespondingHölderexponentfor themaximallyregularso-
lution (e.g.,thefunctionsaresmootherin theHöldersense,albeit
marginally).



5. SUMMARY

In this papera new family of wavelet approximantsof compact
supportedareintroduced.Thenew family is obtainedby relaxing
the stringentrequirementthat a maximalnumberof momentsbe
exactly zero(e.g.,maximallyregularDaubechieswavelets)in fa-
vor of obtainingalargernumberof small,but non-zero,moments.
A designalgorithmis posedusingthescalingfilter coefficientsas
the parameterspace,giving rise to a nonlinearconstrainedopti-
mizationproblem.A solutionof thedesiredoptimizationproblem
was obtainedusing readily available optimizationroutines(e.g.,
MATLAB’s constr algorithm). The wavelet basisobtainedby
solvingthegivenoptimizationproblemareshown to berobust in
thesensethatthey canbeusedto approximatebothlow orderpoly-
nomialsaswell ashigh orderpolynomialswith lesserror, on the
average,comparedto maximallyregularwaveletsof thesamesup-
port.
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Figure1: Wavelet polynomialapproximationerror asa function
of � for �¦ _� and

�  §! . The vertical axis representsthe
approximationerrornormalizedby theenergy of thepolynomial

0 10 20
0

0.5

1

1.5
x 10−3

L
3 6 9 12

0

0.5

1

1.5
x 10−4

L

(a) (b)

Figure2: Wavelet polynomialapproximationerror asa function
of [ for �¨ �� and

�  ©! . The vertical axis representsthe
approximationerrornormalizedby theenergy of thepolynomial.
Dashedline correspondsto themaximallyregularsolution.
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Figure 3: Comparisonof scaling functions, � $ ����� for �ª�« TKH5T%9 T0T�¬­HJT%9 T � �%H5TK9 T�!E�%HJTK9 T&�0¥%H@T%9 T   !<HJT%9 T0�0¥K® . (b,c)Themax/min
valueof � $ ����� decrease/increaseas � increase.



Table1: Discretewaveletmoments.Q � � H
IK�� 0 1 2 3 4 5T 0 0 T �%9 �  Z¯ ¯ T%9 �0¥0T �<!Z¢%9 �<! ¯T%9 T0T ¯ 0 0
� TK9 T � � �%9 !E�&� �&¢%9 ¢0T ¯ �<! ¯ 9 ¥0T�¬T%9 T0T�¬ 0 0
� TK9 T�!0! �%9 �Z  � �&¢%9 �  0  �<! � 9 � � TT%9 T � ! 0 0
� TK9 T&�0� �%9 T<!Z� �&¥%9 ¯ ¢0¢ � � �%9 �<! ¯T%9 T � � 0 0
� TK9 T ¯ ¬ !­9 ¢<!&¬ ��¬­9 ¥0�<! � � !­9 ¢ � TT%9 T<! � 0 0
� TK9 T&�0T !­9 ¥ �°  ��¬­9 �0� ¢ �0T&¥%9   ¬Z¥T%9 T<!Z� 0 0
� TK9 T�¬ � !­9 ¬ �&� �&�%9 ¯ �0T �0T ¯ 9  0 & T%9 T0��! 0 0
� TK9 T&¥0� !­9   ¢   �   9 �0�0� �0T&T%9 T0¢&�T%9 T0�&¥ 0 0
� TK9 T&¢   !­9 ¯ ¥&¢ � ¯ 9 ¢0�0� !E¢   9 ¢0¥  T%9 T ¯�  0 0
� TK9 � T<¬ !­9 �<¬Z� � ¯ 9 ! �0� !E¢ � 9   ¥&�T%9 T   ! 0 0
� TK9 �&� ¥ !­9 !0¬&! �&�%9   !E� !E¥�¬­9   �&TT%9 T0�&T 0 0
� TK9 � �0T !­9 � � ¯ ��!­9 ¥0T   !E¥&�%9 �   ¢T%9 T0�&¥ 0 0
� TK9 �R¯%� !­9 T0�&� ��!­9 �Z  ! !0¬Z¢%9   � �

Table2: Numericalestimatesof Holderexponents.� HölderT � 9 T0¥ � �T�9 T0T ¯ � 9 T<!0¬&¬T�9 T0T�¬ � 9 T0�<!Z�T�9 T � ! � 9 T0�0¢ ¯T�9 T � � � 9 T ¯0¯ ¬T�9 T<! � � 9 T   T&¢T�9 T<!Z� � 9 T   �&�T�9 T0��! � 9 T0�<!Z¢T�9 T0�&¥ � 9 T0�0¥�¬T�9 T ¯�  � 9 T<¬ ¯ ¢T�9 T   ! � 9 T0¥0T  T�9 T0�&T � 9 T0¥0�&�T�9 T0�&¥ � 9 T0¢ �° 


